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Part A

Answer any five questions.
EKuch question carries weighi 1.

Are the vectors (8, 1,~ 2, 4),(2, 1, 8,—8), (1, 7, - 6, 0), (4, 7, 1, — 6), lincarly independent in RY,
Prove that the space of all m = n matrices over the field I has dimension mn by exhibiting a basie.
Consider j:F2 » F defined by f (x;, x) = ax; + bx, is a linear functional, Find T' / if
T, xg)=(=xg x,).

Find the dual of the basis B : = [(1, 0, — 1), (1, 1, 1), (2, 2, 0)] for €%,

Let A be a 2 x 2 matrix over a field F. Prove that det (1 + A) = 1 + det (A) if and only if

trace (A) = 0.
Let K = R |x], the ring of polynomials over the field of real numbers, Find the determinant of

B=[ P | x+2}_
X

2. _8c48 x

Consider the space of all continuous real-valued functions on the real line. Show that the linear
aoperator (T fi (x) = I: f(t)d! has no eigenvalues.

Find the minimal polynomial of the matrix |

's = =
=3 i B3

0
0
1
(Bx1=58)
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Part B

Answer any five questions.
Earchk question carries weight 2.

In ©*, show that {(1, 0, — i), (1 + ¢, 1— 4, 1), (i, &, 1)) formn a basis, and find e co-ordinates of the
vector (g, b, ¢) in thia bosis.

Let W, and W, are subspaces of a finite-dimensional veetor space V. Prove Lhal
{w] r‘wi]a =W::J ] w:.

Let T k% —» B3 defined by T (x,, x5, x5) = (8% + x5, — 2% + x5, = 2; + 21y + 4%3 ). Find the matrix

af T in the ordered basis |(1,0, 1), (- 1. 2, 1), (2, 1, 1)L

If W is a k-dimonsional subspace of an n-dimonsional veotor space V, then prove that W is the

intersection of (n — k) hyperspaces in V.

Prove that the determinant of a triangular matrix is the product of its diagonal entries.

Let T be the linear operator on R* which is represented in the standard ordered basis by the matrix

-0 4 &
-8 3 4| pove that T is diagonalizable.
~16 8 7

Suppose that f= (x —¢ }“1 = _ﬁ_]di is the characteristic polynomial of an s x a2 matrix A, Show
that ‘h‘aﬂe.ﬁ. = fl dl +rldﬂ T de‘..

Suppose A, B, C and D are n % n complex matrices that commute. Show that

A B
ded cDn ) = et (AD — BC).

(Ax2=10




21001777

Pari C

Answer any three guestions.
Fach question carries weight 5.

17. Show that Row-equivalent matrices have the same row spaco.

18. Consider the linear oporator T (x), 25) = [ x,, 2,), prove that (T - el) is invertible for every real

number e,

19.. Let K be a commutative ring with identity and let n be a positive integer. Show that there is

precisely one determinant function on the sot of 7 x n matrices over K
20. If A and D are n x n complex matrices, show that AD — BA = [ is nol possible.

21. LetV be a finite-dimensional vector space over the field I and let T be a linear operator on V. Prove
that T is dingonalizable if and only if the minimal polynomial for T is of the form

p=(x—¢)..(x-¢cy), wheree,, .... ¢, are distinct elements of F.

22. Buppose J is a commuling family of dingonalizable linear oporators on the finite dimensional
vector space V. Show that there cxists an ordered basis for V such that every operater in J is

represented in that basis by a dingonal matrix.

(3x5=15h)




